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Bose-Einstein condensation

Momentum distribution of a gas of Rb87 atoms before and after BEC

M.H. Anderson, J.R. Ensher, M.R. Matthews, C.E. Wiemann, E.A. Cornell, Science 269, 5221, 198 (1995)
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BEC phase

Wave function of the condensate

Ψ(x) = 〈b(x)〉 = |Ψ(x)|e iθ(x)∫
|Ψ(x)|2 = n0

where b(x) is the bosonic field operator and n0 is the condensate fraction

Superfluidity

Two fluid model at finite temperature: ρ = ρs + ρn

vs =
~
m
∇θ
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Cubic-like systems

Homogeneous cubic-like systems

Ψ(x) =
√
n0

All the sizes of the system are of the
same order
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Anisotropic systems

Anisotropy parameter

λ = La/L
2

La ≡ axial size, L ≡ transverse size

λ→∞: Crossover from 3D behavior to effectively 1D behavior
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Spin-wave theory

Quantitative informations on long-range phase correlations are obtained
from

G (x, y) = 〈b†(x)b(y)〉

using the following macroscopic representation of the field operator

b(x) =
√
n0e

i θ̂(x)

Assumptions

1 Long distance fluctuations of the density are negligible

2

Ssw =

∫
d3x

α

2
(∂µθ)2 α =

(
~
m

)2 ρs
T
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Correlation function

Gsw(y − x) = 〈e−iθ(x) e iθ(y)〉

Anisotropic limit λ→∞ (λ = La/L
2)

Gsw(0, 0, z � 1) ∼ e−z/ξa

Axial correlation length ξa = 2αL2
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Helicity modulus

Helicity modulus Yµ: measure of the response of the system to a phase
twisting φ along direction µ

Yx ≡ −
Lx

LyLz

∂2 logZ(φ)

∂φ2

∣∣∣∣
φ=0

Anisotropic geometries

Yt = Yx = Yy = α

Ya = Yz = α− 4π2α2

λ

∑∞
n=−∞ n2e−2π2n2α/λ∑∞
n=−∞ e−2π2n2α/λ

Ya = α for λ→ 0; Ya → 0 for λ→∞
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Bose-Hubbard model

Bose-Hubbard Hamiltonian

H = −t
∑
〈ij〉

(b†i bj + b†j bi ) +
U

2

∑
i

ni (ni − 1)− µ
∑
i

ni

bi (b†i ) is a bosonic destruction (creation) operator

ni ≡ b†i bi is the particle density operator

vacuum Mott n = 1
µ

T

normal fluid

6-6

BEC

Phase diagram,
in units of the hopping
parameter (t), of the
3D Bose-Hubbard model in
the hard-core U →∞ limit

Tc(µ = 0) = 2.0160(1)
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Quantum Monte Carlo simulations

Algorithm: Quantum Monte Carlo directed operator-loop algorithm

Simulations’ parameters

• Anisotropic L2 × La lattices with periodic boundary conditions

• Hopping parameter: t = 1

• Chemical potential: µ = 0

• Temperature: T = 1.5 and T = 1.75

−→ Fluctuations of the density are significantly different from zero only at
one lattice spacing
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Helicity modulus
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SW theory

RY ≡ Ya/Yt = fΥ(Yt/λ)

fΥ(x) = 1+2x ∂x lnϑ3(0|i2πx)

ϑ3(z |τ) is the third
elliptic theta function

QMC estimates of Yt :
Yt = 0.280(1) at T = 1.5
Yt = 0.176(1) at T = 1.75
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Axial correlation length

ξa(λ) = 2Yt L
2 fξ(Yt/λ)
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SW theory

Universal behavior
in the limit
L→∞ with
λ = La/L

2 fixed
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Wall-wall correlation function
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SW theory Gw (z) ≡ 1

L2

∑
x ,y

G (x , y , z)

Gw (z) =
χ

L2ξa
fw (z/ξa,Yt/λ)

with

χ =
∑
x

G (x)

Gw (z) in the limit λ→∞

• Exponential decay

• Correlation length: ξa = 2YtL
2
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Conclusions

• The long-range phase-coherence properties of homogeneous 3D BEC
systems exhibit a universal behavior

• Universal scaling functions are approached in the limit L→∞ with
λ ≡ La/L

2 fixed

• Phase decoherence occurs in the limit of infinite axial-size.
The axial coherence length ξa remains finite and proportional to the
transverse area At

ξa ∝
ρs
T
At
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