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Gregorio Carullo

• Standard fluid dynamics (Lord Kelvin 1887) predicts that the wake angle 
formed by a moving object with constant velocity in still, deep water is 
arcsin(1/3). 

• This result is independent of  the shape and velocity of  the object. 

• This is the angle formed by ducks in a (deep-enough) pond, moving boats 
far from the coast etc.

WHAT IS THE KELVIN WAKE?
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• We assume a 2D incompressible fluid, with no viscosity or vorticity. 

• The equations governing the dynamics are:
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• We now study the waves propagating on the surface of  separation between 
two still and immiscible fluids. 

• Assume stationarity and horizontal traslational invariance. 

• With these approximations we obtain standing velocity waves with 
frequency given by: 

• And assuming stationarity (identical to the Mach cone): 

DERIVATION OF KELVIN ANGLE

�16



Gregorio Carullo

• Key points:

DERIVATION OF KELVIN ANGLE



Gregorio Carullo

• Key points: 

•                                (longer wavelenght waves travel faster than shorter ones)

DERIVATION OF KELVIN ANGLE



Gregorio Carullo

• Key points: 

•                                (longer wavelenght waves travel faster than shorter ones) 

•                                (the envelope does not trivially behave as in the linear case)

DERIVATION OF KELVIN ANGLE



Gregorio Carullo

• Key points: 

•                                (longer wavelenght waves travel faster than shorter ones) 

•                                (the envelope does not trivially behave as in the linear case) 

• This implies:

DERIVATION OF KELVIN ANGLE



Gregorio Carullo

• Transforming to the boat reference frame and applying stationarity (boat 
velocity drops!):
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• Transforming to the boat reference frame and applying stationarity (boat 
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Gregorio Carullo

• Transforming to the boat reference frame and applying stationarity (boat 
velocity drops!): 

• Thus waves are bounded within the envelope defined by: 

• Which corresponds to an angle of  ~19.5 deg

DERIVATION OF KELVIN ANGLE
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• But supersonic physics (together with relativity, electrodynamics,…) give us 
a different intuition, i.e. the angle should shrink for high boat speed. 

• Is this intuition correct? (the regime is very different, here we are in the 
presence of  an incompressible fluid with gravity as restoring force and a 
non-linear dispersion relation)

SOME (GENERAL?) INTUITION
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pattern recognition algorithm and a (powerful enough) ship.
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• How can someone experimentally verify this result? With a drone, a ML 
pattern recognition algorithm and a (powerful enough) ship. 

• In absence of  dedicated funding Rabaud and Moisy relied on the Google 
Earth (GE) database. 

• Using GE calibration the wake angle, together with size and speed of  the 
ship can be determined (after correcting for parallax effects). 

• The speed come from the wavelength measurement and                             :                                
main source of  error.

Rabaud, Moisy - PRL 110.214503 (2013)
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SATELLITE DATA ON MOVING BOATS

Clear transition at large velocities!

Rabaud, Moisy - PRL 110.214503 (2013)
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• Where is the Kelvin model failing? (Heuristic explanation) 

• In performing the maximization, it was assumed that all wavelenght could 
be equally excited. 

• Rabaud and Moisy proposed a model for which a boat of  size L cannot excite 
wavelength             .  

• According to this model a cutoff must be imposed on the previous 
maximization.

TRANSITION TO HIGH-VELOCITY REGIME
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• This cutoff  leads to:

TRANSITION TO HIGH-VELOCITY REGIME

�37



Gregorio Carullo

• This cutoff  leads to: 

• And in the high-velocity regime to:
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• Simulations performed using a moving 
gaussian pressure distribution show: 

• In full agreement with the presence of  
both a Kelvin-like and a Mach-like 
regime.
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• Simulations performed using a moving 
gaussian pressure distribution show: 

• In full agreement with the presence of  
both a Kelvin-like and a Mach-like 
regime. 

• Supersonic behaviour reproduced from 
a pure dispersive effect!
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• Why the need to make the assumption that no              can be excited?         
(large-lambda corresponding to low-energy waves should easily be excited) 

• Darmon+ proved that there is no need for such assumption. 

• They reproduced the       behaviour through a pure analytic treatment:

TRANSITION TO HIGH-VELOCITY REGIME

�45 Darmon+, J. Fluid Mech. 738 (2014)



Gregorio Carullo

• Yielding complete agreement with experimental data:
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• Why then the Kelvin prediction fails? (Spoiler: It doesn’t…) 

• The wake envelope is always bounded from above by Kelvin angle, but the 
waves corresponding to such angle are not the one with the largest amplitude!
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• Why then the Kelvin prediction fails? (Spoiler: It doesn’t…) 

• The wake envelope is always bounded from above by Kelvin angle, but the 
waves corresponding to such angle are not the one with the largest amplitude! 

• The angle corresponding to the largest amplitude instead follows the U^-1 
prediction (Supersonic behaviour reproduced from a pure dispersive effect!)

TRANSITION TO HIGH-VELOCITY REGIME
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• We discussed the corrections to the constant Kelvin angle in the high velocity 
regime 

• At low velocities (compared to a typical velocity introduced by gravity and 
finite-size effects) the standard result (19.5 deg) is recovered 

• At high velocity a Mach-like regime kicks in and a     behaviour is recovered 

• Nonetheless the Kelvin angle prediction has been show to be robust even in the 
high velocity regime, although not relative to the waves at peak amplitude

CONCLUSIONS
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