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Half pint of history

1752: Arthur Guinness inherits 100£ from his
godfather and sets up his own ale brewery.

1759: Arthur moves to Dublin. On the 31st of
December, he signs a 9000-year lease on a small
property at St. James’s Gate.

1799: A dark beer from London, the porter, is becoming
popular. Arthur stops brewing ales and concentrate on
perfecting his “strong” or “stout” porter.

1821: Instructions are recorded for brewing Guinness
Superior Porter, the ancestor of today’s Guinness.

1893: Guinness hires a university science graduate,
Thomas Bennett Case, for the very first time.

1901: The first Guinness research laboratory is
established under Oxford-educated chemist, Alexander
Forbes-Watson.
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The “draught problem”

At this point, serving a Guinness is a slow and difficult to master process, which
requires complex equipment.

In 1951, the mathematician Michael Edward Ash joins the research laboratory.
In 1959 (200th anniversary), he completes the modern Guinness draught system,
using a CO2 +N2 solution (instead of just CO2).
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A well-deserved pint
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What everybody asks:
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Is this the real life? Is this just fantasy?

In 2004, Alexander and Zare1 shoot
the first video proof: bubbles really go
down in Guinness, though only near
the glass wall. Experimental set-up
consists of an high-speed digital cam-
era (up to 4500 FPS), data-acquiring
hardware, and Guinness beer.

1https://web.stanford.edu/group/Zarelab/guinness/index.html
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Caught in a beerslide, no escape from reality!

Bond number

B0 =
ρlg

σ/d2b
≈ 0.002� 1

Stokes’ law

ub =
(ρl − ρb)gd2b

18µl
≈ 3.96mm/s

Pint and anti-pint simulated2 with the COMSOL Multiphysics package3:

Near the walls, the beer slides down faster
than the bubbles rise inside it!

2Belinov et al., Am. J. of Phys. 81, 88 (2013).
3COMSOL Multiphysics, https://www.comsol.com, COMSOL AB, Stockholm, Sweden.
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The simple mechanism: the Boycott effect4

Shape of the
container

(?)=⇒

Near wall vari-
ation of bubble
density

=⇒ Circulating
current

4Boycott, “Sedimentation of blood corpuscles”, Nature 104, 532 (1920).
F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 7 / 15



The simple mechanism: the Boycott effect4

Shape of the
container

(?)=⇒
Near wall vari-
ation of bubble
density

=⇒ Circulating
current

4Boycott, “Sedimentation of blood corpuscles”, Nature 104, 532 (1920).
F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 7 / 15



The simple mechanism: the Boycott effect4

Shape of the
container

(?)=⇒
Near wall vari-
ation of bubble
density

=⇒ Circulating
current

4Boycott, “Sedimentation of blood corpuscles”, Nature 104, 532 (1920).
F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 7 / 15



The simple mechanism: the Boycott effect4

Shape of the
container

(?)=⇒
Near wall vari-
ation of bubble
density

=⇒ Circulating
current

4Boycott, “Sedimentation of blood corpuscles”, Nature 104, 532 (1920).
F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 7 / 15



Presentation plan

1 Half pint of history

2 Are those bubbles really sinking?

3 What about that texture?

4 The last round

F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 Plan



What someone asks:
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Continuous two-phase analytical model5

Mass conservation and
momentum equation:

ρt + (ρu)x = 0; ρ(ut + uux) = −Px + F

↓ (×2 phases, gas and liquid)

αt + (αv)x = 0

− αt + [(1− α)u]x = 0

ρgα(vt + vvx) = −α(Pg)x − Fgi − αρgg

−αρlCVM [vt + vvx − (ut + uux)]

ρl(1− α)(ut +

Dl

uux) = −(1− α)(Pl)x + Fgi − Flw − (1− α)ρlg

+

+ (Pl − Pg)αx + αρlCVM [vt + vvx − (ut + uux)] + [η(1− α)ux]x

Pg − Pl = 0

−Hρl(v − u)2

Where:

α = (gas volume)/(total volume); v (u): gas (liquid) velocity;

ρg(l): gas (liquid) density; Pg(l): gas (liquid) pressure;

Fgi: frigtion at phases interface; Flw: liquid-wall friction;

Dl: profile coefficient; H : interfacial pressure coefficient;

CVM : virtual mass coefficient; η: eddy viscosity.

5Robinson et al., “Waves in Guinness”, Phys. of Fluids 20, 067101 (2008).
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Model predictions

Numerical solution: Observation:

cw ≈ 21mm/s

0.92 ≤ A ≤ 0.98

λ ≈ (0.082−0.095)mm

cw ≈ (20.9−21.8)mm/s

0.75 ≤ A ≤ 1.00

λ ≈ 6mm

Qualitatively predictive, “extreme” value for A not reached, problem for λ selection.

The cascade instability is formally the same responsible for the roll waves6.

6Needham and Merkin, Proc. R. Soc. Lond. A 394,259-278 (1984).
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Well-controlled experiments7

Guinness: db ≈ 61µm; α = 8%

Pseudo-Guinness: db ≈ 47µm; α = (0.5−10)%

(tap water + glass hollow sphere)

Photo-bleaching:

Containers:

Particle Image Velocimetry:

7Watamura et al., Sci. Rep. 9, 5718 (2019).
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Angle dependency

Texture for β ≥ 45 may be absent due to
the finite length of the container (the tex-
ture develops spatially).

Corr(B,−vx) ≈ 0.8⇒
⇒ Bubbles move down quicker in low-α regions, and vice-versa⇒
⇒ Fluid “blobs” cascade in the bubble-rich bulk
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Concentration dependency and the clear-fluid region
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Critical condition: the nature of the instability

Texture forma-
tion is reflected
in velocity fluc-
tuations:

u′x,max
|ūx|max

Re =
(1− α)ρ0h|ūx|max

(1 + 5
2
α)µ

; Fr =
2|ūx|max

3
√

ρ0−ρ1
ρ0

αhgsin(β) It is a gravity current instability
(roll waves), not a shear instabil-
ity (Kelvin-Helmholtz). Observed
Fr threshold is lower than the the-
oretical one8 due to model over-
simplifications.

8Needham and Merkin, Proc. R. Soc. Lond. A 394,259-278 (1984).
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|ūx|max

Re =
(1− α)ρ0h|ūx|max
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Summary

The nitrogen bubbles really go downward.

The shape of the container determines the motion of the bubble via the Boycott
effect.

Analytical models can be built to reproduce qualitatively (and partially
quantitatively) the observed texture.

Both models and observations suggest analogies with the roll waves.

Recent experiments reveal an almost bubble-free film near the container wall:
there is a gravity current.

The wavy texture originates from gravity current instability, rather than shear
ones, like the roll waves.

Experiments with 34µm and 75µm diameter bubbles still show the wavy cascade,
but larger CO2-like bubbles ((300−500)µm) show none of these features.

Studies on two-phase fluids have important applications in industry (heat
exchangers, reactor cooling, oil extraction, food processing, ...) and medicine.
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Summary

The nitrogen bubbles really go downward.

The shape of the container determines the motion of the bubble via the Boycott
effect.

Analytical models can be built to reproduce qualitatively (and partially
quantitatively) the observed texture.

Both models and observations suggest analogies with the roll waves.

Recent experiments reveal an almost bubble-free film near the container wall:
there is a gravity current.

The wavy texture originates from gravity current instability, rather than shear
ones, like the roll waves.

Experiments with 34µm and 75µm diameter bubbles still show the wavy cascade,
but larger CO2-like bubbles ((300−500)µm) show none of these features.

Studies on two-phase fluids have important applications in industry (heat
exchangers, reactor cooling, oil extraction, food processing, ...) and medicine.
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Eötvös and Bond numbers

Eötvös number: an adimensional number measuring the importance of buoyancy
compared to surface tension (two phases involved).

Eo =
∆ρgL2

σ

Bond number: an adimensional number measuring the importance of gravity
compared to surface tension (one phase involved).

Bo =
ρgL2

σ
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Reynolds and Froude numbers

From Navier-Stokes equation:

ρ(∂t~v + ~v · ~∇~v︸ ︷︷ ︸
inertia

) = −~∇P + µ∇2~v︸ ︷︷ ︸
viscosity

+ ρ~g︸︷︷︸
gravity

Scaling via x = x′L, ~v = ~v′U , g = g′g0, P = P ′ρU2, ∂t = ∂t′U/L, ~∇ = ~∇′/L:

∂t′~v
′ + ~v′ · ~∇′~v′ = −~∇′P ′ + µ/ρ

LU︸︷︷︸
1/Re

∇′2~v′ +

√Lg0U︸ ︷︷ ︸
1/Fr


2

~g′

Reynolds number: importance of inertia over viscosity.

Re =
LU

µ/ρ

Froude number: importance of inertia over gravity (or other external fields).

Fr =
U√
Lg0
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Stokes’ law (1/2)

Let us consider a sphere of radius a in a steady, viscous (Re � 1), and incompressible
flow, with asymptotic velocity U0 along the polar axis: 0 = −~∇P + µ∇2~v; ~∇ · ~v = 0
Thanks to axisymmetry, we can define the Stokes stream function9 ψ in spherical
coordinates as:

vr =
1

r2sinθ
∂θψ

vθ =
1

rsinθ
∂rψ

By substitution in the N.-S. system one get

ψ =
U0

2
r2sin2θ

(
1− 3a

2r
+

a3

2r3

)

vr = U0cosθ
(

1− 3a

2r
+

a3

2r3

)
; vθ = −U0sinθ

(
1− 3a

4r
+

a3

4r3

)
P = −3aµU0cosθ

2r2
(by integration from the N.-S. radial eq.)

9In the same spirit of the complex stream functions for 2D flows.
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Stokes’ law (2/2)

The drag along the polar axis caused by P is:

FP = 2πa2
∫ π

0

P (a, θ)sinθcosθdθ = 2πaµU0

The shear stress is given by τrθ = −µ[r∂r(vθ/r) + (∂θvr)/r], from which the shear
force is:

Fs = 2πa2
∫ π

0

τrθ(a, θ)sin2θdθ = 4πaµU0

The total drag force is known as Stokes’ law:

Fd = 6πaµU0

So, the terminal velocity of a free sphere in a fluid is given by the condition
Fd = ∆ρ 4

3
πa3g, which gives:

vS =
2∆ρga2

9µ

F. Finelli (Pisa) On cascading bubbles in Guinness beer September 10, 2019 Backup



Guinness and pseudo-Guinness parameters

T [C] ρl[Kg/m
3] ρg[Kg/m

3] µl[Pas]

Guinnessα 5 1007 1.223 2× 10−3

Guinnessβ 6 1007 1.223 2.06× 10−3

Guinnessγ 5 1006 1.223 2.03× 10−3−2.21× 10−3

Pseudo-Guinnessγ 25 997 140 0.89× 10−3

α[%] db[µm] vS [mm/s]

Guinnessα 23.3−26.6 94−122 2.40−4.06

Guinnessβ 2, 5, 10 90, 122α 2.14−3.94
Guinnessγ 8 54−68 0.716−1.15
Pseudo-Guinnessγ 0.5−10 47 1.2
αRobinson et al., Phys. of Fluids 20, 067101 (2008).
βBelinov et al., Am. J. of Phys. 81, 88 (2013).
γWatamura et al., Sci. Rep. 9, 5718 (2019).
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Some simulation details

Simplifications:

all bubbles have the same size;

the system is axisymmetric;

liquid and gas phases are interpenetrating continua;

ρg � ρl

gas velocity relative to the fluid is given by the balance of pressure and viscous
drag forces;

Pg = Pl.

⇒ Bubbles have no inertia, no need for bubbles initial velocity, no need for bubbles
momentum equation.

Border conditions are: null velocity for the fluid (no-slip on the wall), null normal
velocity for the gas (no flux across the wall).
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Model details

In Watamura et al.10, they assume

CVM = 1/2; H = 1/4,

values appropriate for isolated spherical bubbles11. Also Flw = 0 (waves in a
quiescent medium). Instead, for the interphases interaction:

Fgi =
µlD(α)(v − u)

a2
,

corresponding to laminar drag on a sphere. For α� 1 we have Stokes drag:
D(α) ≈ 3α. For high α we have D(α) = 180α2/(1− α), corresponding to the
Carman-Kozeny law12.

10Watamura et al., Sci. Rep. 9, 5718 (2019).
11Pauchon and Banerjee, Int. J. Multiphase Flow 14, 253 (1988).
12Fowler, “Mathematical models in the applied Sciences”, Cambridge University Press, Cambridge (1997).
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Derivation of the model (1/2)

The base model (without Dl, CVM , pressure jump, eddy viscosity) is ill-posed as a
Cauchy problem: the characteristics are complex. Some physics-based therms must be
added.
The average nonlinear effects due to a non-uniform sectional profile can be added via
the profile coefficient in the acceleration term: ut +Dluux. This makes possible to
have real characteristics for ρg � ρl.
When a gas element accelerates in the liquid, it have to push away some of it. This
action-reaction effect may be considered via addition of virtual mass:
±CVMαρl(vt + vvx − ut − uux).
The relative motion of the phases should also produce a pressure jump at the
interface, which can be modeled as13,14: ∆Pi = −Hρl(v − u)2.

All these terms just post-pone the problem until a critical value of α (≈ 0.25). At this,
point the ill-posedness is manifested as a physical instability, leading non-linearly to
shock formation.

13Batchelor, J. Fluid Mech. 193, 75 (1988).
14Stuhmiller, Int. J. Multiphase Flow 3, 511 (1977).
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Derivation of the model (2/2)

To regularize shocks, diffusive terms are needed. In turbulent flow, energy transport
at small scales can be modeled as an effective viscosity, the eddy viscosity:

[η(1− α)ux]x.

In laminar flow, eddy viscosity is hard to justify, but we can consider the dissipation
due to bubbles deformation as another effective viscosity, a bulk viscosity. These
deformations are caused by the interfacial pressure difference:

∆Pgl = η(αt + uiαx),

where η = 4µ/(3α), and ui = u is the average interfacial velocity (∆Pgl deforms
bubbles, i.e. it changes α). Using the conservation −αt + [(1− α)u]x = 0, we get:

∆Pgl = η(1− α)ux.

Thus, the added force is ∂x∆Pgl, that has exactly the same form of the eddy viscosity.
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Stability of the model (1/2)

Starting from the basic model with the only addition of Dl and bulk/eddy viscosity,
eliminating P from the moment equations we get:

−αt + [(1− α)u]x = 0; ut +Dluux = νuxx +
1

ρl

[
Fgi

α(1− α)
− Flw

1− α

]
︸ ︷︷ ︸

R(α,u)

From a steady solution (α∗, u∗), we add a perturbation ∼ eikx+σu, and by
substitution (d = Dl − 1):

σ = −iku∗
(

1 +
1

2
d

)
− 1

2
(νk2 + |Ru|)

1±

[(
1 +

ikdu∗

|Ru|+ νk2

)2
4ik(1− α∗)Rα
(|Ru|+ νk2)2

]1/2
︸ ︷︷ ︸

p+iq


There is instability if <(σ) > 0, which in this case means p > 1⇒
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Stability of the model (2/2)

⇒ The instability condition reads:

(1− α∗)|Rα|
|Ru|+ νk2

> du∗

We can say that:

d = 0⇒ always unstable;

ν = 0⇒ for each k, there is a critical value for α∗ (just Dl postpone the
instability);

d, ν > 0⇒ it is more difficult for high k modes to become unstable.

For k → +∞ we can expand σ:

σ ≈ − bdu
+

ν2k2
+

b2

ν3k4
; a = ν +

idu∗

k
+
|Ru|
k2

; b = (1− α∗)|Rα|

So, in the end:

the effective viscosity regularize the model, i.e. the growth rate goes to zero as
k → +∞;

d > 0 (and similar corrections) are still necessary to damp high k modes.
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